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Abstrak. Misalkan G adalah graf yang memiliki himpunan titik V(G) dan himpunan sisi E(G). Misalkan W =
{w,, w,, ...w; } adalah himpunan bagian dari V (G). Representasi titik v € V(G) terhadap W, dilambangkan dengan
r(v|W), didefinisikan sebagai vektor-k (d(v,w;),d(v,w;),...,d(v,w,)). Himpunan W disebut himpunan
pembeda lokal G jika r(u | W) +r(v | W) untuk setiap dua titik yang bertetangga u, v € V(G). Kardinalitas
terkecil dari semua himpunan pembeda lokal di G disebut dimensi metrik lokal G, dilambangkan dengan Imd(G).
Himpunan pembeda lokal G dengan kardinalitas Imd(G) disebut basis lokal dari G. Dalam artikel ini, kami
menentukan dimensi metrik lokal dari graf garis dari suatu graf Petersen diperumum P, ;.

Kata Kunci: Dimensi Metrik Lokal, Graf Garis, Graf Petersen Diperumum.

Abstract. Let G be a graph that has a vertex set V(G) and an edge set E(G). Let W = {w,, w,, ... w; } be a subset
of V(G). The representation of a vertex v € V(G) with respect to W, denoted by r(v|W), is defined as k-vector
(d(w,wy),d(v,wy), ...,d(v,wy)). Aset W is called a local resolving set of G if r(u|W) # r(v|W) for every two
adjacent vertices u, v € V(G). The smallest cardinality of all local resolving set in G is called the local metric
dimension of G, denoted by Imd(G). The local resolving set of G with cardinality Imd(G) is called a local basis of
G. In this paper, we determine the local metric dimension of the line graph of generalized Petersen graph P,, ;.

Keywords: Local metric dimension, Line graph, Generalized Petersen Graph.

A. Introduction

All the graphs discussed in this article are simple, finite, and connected. For a graph G,
we denote its vertex set by V(G) and its edge set by E(G). Let G be a graph that has a vertex
set V(G) and an edge set E(G). Let u,v € V(G), we write u~;v if u is adjacent to v in G (if
there is no ambiguity about graph G, we write u~v). If u and v are not adjacent in G, we write
U+ V.

In this article, we discuss the local metric dimension problem of a graph. This problem is
another variant of the metric dimension, a problem first introduced by Harary and Melter, and
separately by Slater (Slater, 1975). For the distance between two vertices u and v in G, we
denoted by d(u, v). Let W = {w,, w,, ...w, } be asubset of V(G). The representation of a vertex
v €V(G) with respect to W, denoted by r(v|W), is defined as k-vector
(d(w,wy),d(v,w,), ...,d(v,wy)). A set W is called a local resolving set of G if r(u|W) #
r(v|W) for every two adjacent vertices u,v € V(G). The smallest cardinality of all local
resolving set in G is called the local metric dimension of G, denoted by Imd(G). The local
resolving set of G with cardinality Imd(G) is called a local basis of G.

Local metric dimension problem was first studied by Okamoto, et al (Okamoto et al.,
2010). Okamoto has proven several statements related to the local metric dimension of a graph,
one of which is the following.
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Theorem 1. (Okamoto et al., 2010) Let G be a nontrivial connected graph of order n. Imd(G) =
n— 1lifandonly if G = K,, and Imd(G) = 1 if and only if G is a bipartite graph.

Several authors have studied the local metric dimension of some graphs and have obtained some
results (F & Jude Annie Cynthia, 2017)(Fitriani et al., 2022)(Solekhah & Kusmayadi, 2018).

The graph discussed in this article is the line graph of a generalized Petersen graph. A
generalized Petersen graph, denoted by B, ,, withn >3and1 <m < l"T_lj is a graph with a

vertex set V(B ) = {uy, Up Uz oo, Uy, V3, V5, V3 ..., v} and an edge set E(B,,) =
{u;uipq, u;v;, ViV 4 |with indices taken mod n}. This graph was introduced by Watkins
(Watkins, 1969). The line graph of graph G, denoted by L(G), is a graph whose vertices are
obtained from one-to-one correspondence with the edges of G. In this article, we denote a vertex
of L(G) by uv to mean that the vertices u and v in G are adjacent vertices in G or uv is an edge
in G. Let u,v,and w are in V(G). Two vertices uv and vw in L(G) are adjacent if only if two
edges uv and vw in G are adjacent. Some result of study about the local metric dimension of
the line graph can be seen in (Marsidi et al., 2016). In this study, we determine the local metric
dimension of the line graph of a generalized Petersen graph P, ,,, with m = 1. The line graph of

a generalized Petersen graph P, ;, denoted by L(P, ), is a graph with vertex set V/ (L(Pn,l)) =
{uu; 41, u;v;, Vv |With indices taken mod n}. The adjacent vertices in L(P,,) are
Ul ~Upp Uigz,  Uillip1~UiprVipn, Wl ~WV, Wi~V gV, Wil~ViVigq,  and
ViV;i41~Vi+1Vis2. Anexample of a generalized Petersen graph and its line graph are represented
in Figure 1.

u,

UU;

I/{.; U, L[i'

(a)

(b)
Figure 1. Generalized Petersen graph Ps ; (a) and its line graph (b)

B. Method

This research is a literature study. Several references related to local metric dimension are
collected and studied. Several definitions and results of previous studies are used to prove the
results of this study. In determining the local metric dimension of L(P,;), a subset of
V(L(Py,1)) is proven to be a local resolving set. Furthermore, we show that that subset is a local
basis of L(P, ;). From there, we determine the local metric dimension of L(P,, ;).
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C. Result and Discussion
In this section, we determine the local metric dimension of the line graph of a generalized
Petersen graph P, ;.

Theorem 2. Let L(P,, ;) be a line graph of a generalized Petersen graph P, ; withn > 5. Then
Imd(L(P,,)) = 2.

Proof.

Note that L (P, ;) contains a complete subgraph K3 of order 3, so L(P,, ;) is not a bipartite graph.
By theorem 1, Imd(L(P, 1) ) = 2. Next, we consider two cases about n.

Case 1: nis even

Let W be a subset of V(L(P,1)) and W = {uyuy, upuyey,} With k = "T” For every two
adjacent vertices in L(Pn,l)a their representations with respect to W are shown as follows:

L wjugyq and uyy Uy
B (i—1,k—10), f2<i<k-2
r(ululﬂlW)—{(Zk_(Hl),i_k), ifk+1<i<2k-3
and
3 GLk—=(+1)), if2<i<k-2
T(ui+1ui+2|W)_{(Zk_(i+2)’(i+1)_k)' ifk+1<i<?2k-3.
2. upuiq and Uy Vg
B (i—1,k—10), if2<i<k-1
r(ulu‘“lw)_{(Zk—(i+1),i—k). ifk+1<i<2k-2
and
B (i,k—1i), if2<i<k-1
T(ui+1vi+1|W)_{(Zk_(i+1),i—k+1), ifk+1<i<2k-2.

3. UiUjpq and U;v;

B (i—1k—10), if2<i<k-—1
r(ulu‘“lw)_{(Zk—(i+1),i—k), ifk+1<i<2k—2
and

((i—1Lk—i+1), if2<i<k-1
T(“i”ilw)‘{ 2k —i,i—k), ifk+1<i<2k—2.

4, U;v; and Vi—1V;
_((-1Lk—i+1), if3<i<k
r(umIW)—{ Qk—i,i—k), ifk+2<i<2k—2
and

((-Lk—i+2), if3<i<k
r(vl"lvllw)_{(Zk—i+1,i—k), ifk+2<i<2k—2

FOr Uy V1 ~Vyp Uy, Uy Uy~ Uy, aNd Uy 41 Vi 41 ~Vi Vit 1, WE Obtain that r(u, v, |W) =

(Lk—1)# @2, k—1) =1r(ugr_,v1|W), r(u,v,|W) =1, k—1) # (2,k) =
(V102 [W), and (U 41 V1 IW) = (k — 1,1) # (k, 2) = 7 (0 Vg1 [W).
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5. U;v; and ViVit+1
((-Lk-i+1), if2<i<k-1
r@““w)‘{ 2k —ii—k), ifk+1<i<2k—2

and

Lk—i+1), if2<i<k-1
r(uivi+1|W)={ ( )

Qk—ii—k+1), ifk+1<i<2k-2

For u,v;~v,v, and u,vx~VyVk4+q, We obtain that r(u,v W) =(1Q,k—1) #
(2,k) = (v, [W) and r(u v W) = (k — 1,1) # (k,2) = r(Vg V41| W).

6. vivip1 and vy Vi
(Vv |[W) = {
and

G(k—i+1), if2<i<k-2
Qk—ii—k+1), ifk+1<i<2k-3

B (+1Lk—10), if2<i<k-2
r“”“””ﬂmo"&2k—i—1¢-—k+2) ifk+1<i<2k—3.

FOr vy Ve~V Vg 41 aNd Vyp_, 1~V V5, We Obtain that r(v,_ v, [W) = (k — 1,2) #
(k, 2) = r( V1 IW) and 7 (Vg v, W) = (2,k — 1) # (2, k) = r(v1v,|W).

Note that every two adjacent vertices in L(Pn_l) have different representations with respect to
W. Therefore, Imd (L(Pn,l)) < 2 ifnis even.

Case 2: nis odd

Let W be a subset of V(L(P,,)) and W = {uy vy, u, vy} With k = nTH For every two
adjacent vertices in L(Pn,l), their representations with respect to W are shown as follows:

L wiuyq and Upyq Uiy
i (k—i), ifl<i<k-2
r(uiui+1|W)_{(Zk—i,i—k‘l‘l), ifk<i<2k-2
and
~ (i+1Lk—i—1), ifl<i<k-—2
“%“W”Wm_{@k—i—Li—k+2) ifk <i<2k—2

FOr wp_qup~uUplpsq and uUpp_qU;~U Uy, We obtain that r(uy_qu,|W) = (k —
1,1) # (k, 1) = r(ugur41|W) and (g1 (W) = (Lk) # (Lk—1) =
r(u uy |W).

2. Uiljyq aNd U1V
- (Lk—i), ifl<i<k-2
r(ulul+1|W)—{(Zk_i,i_k+1), ifk <i<2k-2
and
~ (+Lk—i), ifl<i<k-2
“WHVH”W)‘{@k—Li—k+2) ifk <i<2k—2
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3. UiUj4q and U;v;

i,k—1),
r(uiui+1|W) = {(Zk —ii (_ k + ]3
and
_ (Lbk—i+1),
“W”MO_{Qk—i+Li—k+1)
4, u;v; and Vi_1V;
_ (Lbk—i+1),
“W”MO_{Qk—i+Li—k+1)
and

(i—1Lk—i+1),

rO%_lvAVV)::{(Zk——i4—1 i—k)

5. U;v; and ViVit1

T(uivilw) - {(Zk —i+ 1,l - k + 1);
and
i,k - l )
r(wvip,[W) = {(Zk -1, (— k + 13
6. ViVit1 and Vi+1Vi42
i,k - l )
r(vivi1|W) = {(zk —i,i (— k + 13

and

ravialW) = { )

G+ 1Lk—i—1),
—i—1i-k+2),

f2<i<k-1
ifk+1<i<2k-1

f2<i<k-1
ifk+1<i<2k-1
if2<i<k-1
ifk+1<i<2k-1
f2<i<k-1
ifk+1<i<2k-1.
if2<i<k-1
ifk+1<i<2k-1
f2<i<k-1
ifk+1<i<2k-1.
if1<i<k-2
ifk<i<2k-2

f1<i<k-2
ifk<i<2k-—-2.

FOr vy _1 Vi~V Uy 41 aNd Vyp_1 V1~V V,, We Obtain that r(v,_ v [W) = (k — 1,1) #
(k, 1) = r(v Vg1 IW) and r (Vg1 01 IW) = (L k) # (L k — 1) = r(v,v,|[W).

Similar to case 1, we obtain that every two adjacent vertices in L(Pn,l) have different
representations with respect to W when n is odd. So, lmd(L(Pn,l)) < 2ifnisodd.

Since Imd(L(P, 1)) < 2, we conclude that Imd(L(P,;)) = 2. m

In previous studies, the local metric dimension of the line graphs of several special
graphs, such as path, cycle, generalized star, and wheel, has been determined. Those study do
not cover the line graph of the Petersen graph. In this study, we obtain the local metric

dimension of the line graph of P,, ;.

D. Conclusion and Suggestion

The local metric dimension of the line graph of generalized Petersen graph P,,  is 2. This
result, especially the determination of the local basis of L(P, ;), can be used as consideration
in determining the local metric dimension of the line graph of certain operation for a generalized
Petersen graph P, ; as defined in (Asmiati et al., 2020). This requires further study.
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